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The (16,6,2) Biplane with 60 Ovals and the 
Weight Distribution of a Code 
JORGE NOVILLO SARDI 
Structural relations of the unique (16,6,2) biplane with 60 ovals are given. These and a 
theorem of Assmus and Novillo on homogeneous generalized Steiner systems of type 3-
{v, {4, 6}, 1) allow for a proof of the fact that the code equal to the row span, over GF(2), of 
the incidence matrix of a 3-(112, 12, 1) design does not contain weight-16 vectors. 
1. INTRODUCTION 
In [1], Assmus shows that if a 3-(112, 12, 1) design exists, then the row space over 
GF(2) of its incidence matrix is a (112,56) self-dual, doubly-even code C with minimum 
weight 12. Moreover, the minimum weight vectors correspond to the rows of the incidence 
matrix. 
Denniston [5] and independently, MacWilliams, Sloane and Thompson [7], carried 
out a computation which showed, among other things, that this code did not contain 
vectors of weight 16. The following theorem allows for an independent proof of this fact 
that can be carried out by hand: 
THEOREM [4]. If a homogeneous, generalized Steiner system of type 3-(v, {4, 6}, 1) 
exists, then v is congruent to 2 or 4 modulo 6 and at least 16. Moreover, there is a unique 
such system with v = 16, consisting of the 'best' (16,6,2) biplane and its 60 ovals. 
A generalized Steiner system of type 3-(v, {4, 6}, 1) is collection, ilJ, of subsets of a 
v-set, S, satisfying: 
(a) Every subset in ilJ is of cardinality 4 or 6. 
(b) Every 3-subset of S is contained in a unique member of ilJ. We say such a system 
is homogeneous if it also satisfies the following conditions: 
(c) The collection of 4-subsets in ilJ forms a I-design. 
(d) The number of 6 subsets in ilJ is precisely v and they form a I-design. For additional 
definitions and results, see [3] and [8]. 
2. C(6 HAS NO WEIGHT-16 VECTORS 
An extension of a projective plane of order 10, from now on referred to as the 
Extension, has parameter set 3-(112, 12, 1). Let C(6 be the code equal to the rowspace 
over GF(2) of its incidence matrix. Assume there exists a weight-16 vector in C(6, with 
support set S. Let Xj = I{BIIB n sl = i}1 be the intersection numbers for S. 
LEMMA 1. For S, 
Xo = 240, x2=720, X4= 60, Xj=o, for ill {O, 2, 4, 6}. 
PROOF. By self-duality of C(6 we have X2k+l = ° for k = 0, ... , 5. Let s = IB n si. Then 
wgt(B +S) = wgt(B)+wgt(S) -2wgt(B n S) ;;.12. Thuss:s;; 8.H s = 8, wgt(B +S) = 12 and 
thus S = B + B' (mod 2) with wgt(B n B') = 4. This contradicts the fact that two blocks 
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of the Extension intersect 0 or 2 times: So we have 
XO+X2+X4+X6= 1036, 
2X2+4x4+ 6x6= (\6)111, 
X2 + 6X4 + 15x6 = C2
6) 11, 
4X4 +20X6 = C3
6) 1, 
where the first equation counts the blocks, the second, third and fourth count the incidence 
of points, pairs and triples of S (respectively) on the blocks. 
These equations have the above stated solution. 
Let £YJ 4 be the set of 4-subsets and @6 the set of 6-subsets that are the intersections 
of S with blocks of the Extension; from Lemma 1, \@4\ = 60, \£YJ6 \= 16. Then 
LEMMA 2. (S'@4)isa 1-(16,4,15)design.(S,@6)isa 1-(16,6,6) design. 
PROOF. Fix pES. Let ri = \{B/p E B, \B n S\ = ill. Then 
r2+r4+r6= 111, 
r2 + 3r4 + 5r6 = C:) 11, 
3r4 + 10r6 = C;) 1. 
The first equation counts the number of blocks incident with p, the second and third 
count the incidence of pairs and triples (respectively) of S containing p, on the blocks. 
We obtain the unique solution r2 = 90, r4 = 15, r6 = 6. 
Let £YJ = @4U £YJ 6 • Then Lemma 1 and Lemma 2 imply that (S, £YJ) is a homogeneous 
generalized Steiner system of type 3-(16, {4, 6}, 1). By the theorem in the introduction, 
it is unique and consists of the best (16,6,2) biplane and its 60 ovals. We now prove 
some relationships between the blocks and the ovals. 
LEMMA 3. If e is an oval, then e nB = 0 for precisely 4 blocks B E@6. Every other 
block meets e twice. 
PROOF. Let Xi = \{B E £YJ6/\e nB\ = ill. Then 
XO+XI +X2 = 16, 
Solving we obtain Xo = 4, Xl = 0, X2 = 12. 
LEMMA 4. If e and e' are ovals with \e n e'\ = 1, there is a uniaue B E £YJ 6 missing 
both e and e'. 
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PROOF. Let {p} = C n C'. The 6 blocks through p account for 6 of the 12 blocks 
that meet C. There are 18 triples of the form (q,q',B) where qeC-{p}, q'eC'-{p} 
and {q, q'}c;;B. Six of these are accounted for by the 6 blocks B e r?iJ 6 containing p. The 
other 12 are accounted for by the 3 blocks B e r?iJ 6 with 
IBn(C-{p})1=2 and IBn(C'-{p})1=2. 
Hence, there are precisely 3 blocks, B, of r?iJ6 with IB n ci = ° and IB n c'l = 2 and 3 
others with IB n ci = 2 and IB n C'I = 0. We have accounted for 15 blocks; hence the 
remaining one is disjoint from C u C'. 
LEMMA 5. Let C, C' be ovals with C n C' = 0, then every Be r?iJ 6 has a non-empty 
intersection with C u C'. 
PROOF. There are 32 triples of the form (q, q', B) where q e C, q' e C' and {q, q'} c;;B. 
Each block that meets both C and C' accounts for 4 such flags. Hence we have 8 of 
these blocks. There are 6 pairs in C. Each is covered twice so we need 12 blocks to do 
so. Thus there are 4 blocks that meet C and not C'. Similarly for C'. This accounts for 
all the blocks. 
LEMMA 6. Given Be r?iJ6 , there are 15 ovals disjoint from B and they form on S - B 
a 2-(10,4,2) design. 
PROOF. By the double transitivity of the automorphism group of the biplane [2], 
(S, r?iJ 4 ) is a 2-(16,4,3) design. Since 45 ovals meet B, fifteen are disjoint from it. Now 
given any 2-subset of S - B, the three ovals containing it have the property that precisely 
two are disjoint from B. For if 0,2 or 3 meet B we get, respectively, a weight-14, a 
weight-2 or a weight-2 vector in R\ where R is the row space over GF(2) of the 
incidence matrix of the biplane. In [2], it is shown that minimum weight in R 1- is 4 and 
that the all-one vector is in R1-. Thus these vectors do not exist. We thus have on S - B, 
a 2-(10, 4, 2) design. 
THEOREM 1. The incidence matrix of (S, r?iJ) can be ex (ended to a 76 x 112 matrix 
with each row sum 12 and every dot product of rows ° or 2 in an essentially unique manner. 
PROOF r?iJ 6 , viewed as the first 16 rows of the matrix, parametrizes the 96 remaining 
columns into 16 6-sets. For B e r?iJ6 , let Ex(B) denote the corresponding 6-set. Thus the 
row corresponding to B will have 1s at the columns B u Ex(B). Consider aCe r?iJ 4 • 
Ex(C) will contain 8 columns and by Lemma 3, Ex(C)nEx(B) must be a 2-subset of 
Ex(B) for each of the 4 Be r?iJ 6 disjoint from C. Given such a B, there are 15 ovals C 
disjoint from it and by Lemma 6, they form a residual design of the biplane. By the 
Embedding theorem ([6]) we can choose the 2-subsets of Ex(B) to correspond to these 
15 ovals in such a way that the 15 6-subsets CuEx(C)nEx(B) each meet precisely 
twice. Lemma 4 and Lemma 5 show there is no cross talk. The uniqueness follows from 
the essential uniqueness of our first parametrization and the uniqueness of the Embedding 
theorem. 
REMARKS. Observe that the dot product of anyone of the first 16 rows with any 
other of the 76 rows is 2. On the other hand, if a row corresponds to an oval C (i.e. 
one of the last 60 rows), its dot product with a row corresponding to another oval D is 
zero if and only if C nD = 0. An easy count shows there are 15 such Ds. 
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We now consider pairs of S and their possible completions to blocks of the Extension. 
To the end of this section, T denotes a 2-subset of S. 
LEMMA 7. There are two blocks B E [JJ6 containing T, 8 meeting T once and hence 6 
disjoint from T. 
PROOF. An easy count. 
Clearly, IEx(T)1 = 10. Thus IEx(T)nEx(B)1 = 1 for each of the 8 blocks with IT nBI = 1 
and IEx(T) n Ex(B)1 = 2 for one of the 6 blocks with T nB = 0. Each T has been covered 
5 times so far, twice by the blocks of the biplane and thrice by its ovals. For the Extension, 
Ih = 11. Hence, each pair T must complete 6 times each to weight-12 vectors. Since we 
have 6 blocks BE P..6 6 disjoint from T, all this fits. 
So fix Bo with TnBo= 0. Let C1 and C2 be the two ovals satisfying Tr;;.Cj and 
Bon C j = 0. Then Ex(C1) nEx(Bo) and Ex(C2 ) nEx(Bo) are disjoint 2-subsets of Ex(Bo) 
and hence we have no choice for Ex( T) n Ex(B 0); it must be the set 
A = Ex(Bo) - (Ex( C1) u Ex( C2». 
Consider the 4-set T u A. It meets C\ = C1 u Ex(C1) and C2 twice, of course, but also 
C 1 +C2 twice. 
There are 5 ovals disjoint from Bou T, One is C 1 + C2. The others must meet Cj on 
C j - T and necessarily once. Thus for these 4 ovals, C, C n A = 0 . It follows that the 8 
ovals C with Ic n TI = 1 have IEx( C) n A I = 1 and hence Ic Il (T u A)I = 2. 
Now let B be a 6-block with B n T = {p}. We must choose one point of Ex(B) to 
adjoin to Ex(T). There are 3 ovals disjoint from BuBo; denote them by Db D2 and 
D3 where D3 = D1 + D 2. 
Two of them, Dl and D2 say, contain T - {p} = {q} and are among 8 taken care of in 
the last paragraph. Clearly, Ex(D 1) n Ex(B) and Ex(D2) n Ex(B) must be avoided. Hence, 
Ex(T) n Ex(B) must be one of the two points of Ex(D3 ) n Ex(B). Note that Ex(D3) n 
Ex(Bo) is disjoint from Ex(T) n Ex(Bo). Besides D1 and D2 there are 4 ovals disjoint 
from B containing {q} and each of these meets Bo. 
We summarize the above. Fix a 2-subset T of S. Let Bo(i), i = 1, ... ,6 be the blocks 
in P..66 that miss T and B{j), j = 1, ... , 8 those that meet T once. 
Let A(i) be the pair Ex[Bo(i)]-[Ex(C')uEx(C")) where C', C" are the two ovals 
containing T that are disjoint from Bo(i). Finally, if D(i, j) denotes the unique oval 
disjoint from the set T uBo(i) u B(j), let C(i, j) be the 2-set Ex[B(j)] n Ex[D(i, j)]. Then 
THEOREM 2. For each Bo(i), i = 1, ... ,6, 
Ex(T) =A(i)U{X1, ... , Xg}. 
where Xj E C(i, j), j = 1, ... , 8. 
Take, for instance, the biplane from its representation as the difference set 
D = {(O, 0), (0, 1), (0,3), (1,0), (3,0), (2, 2)} 
in the abelian group 7L4 x 7L4 ([9]). Then the construction of Theorem 1 yields the essentially 
unique 76 x 112 matrix. Consider now the pair T = {I, 2} of S. Then for Bo(1) it can be 
easily computed by hand that there are only 4 test completions of T that are consistent 
with the first 76 rows (Recall that each triple of {I, ... , 112} must be contained in a 
unique block of the Extension). For Bo(2), each of the 4 test completions at level 77 
has a unique test completion for row 78, which is consistent with the preceding 77 rows. 
Now for Bo(3), A(3) can be calculated, but for 3 of the 4 test completions above, we 
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find that there is at least one choice set c (3, j*) that has one element in common with 
B(77) and one in common with B(78). Hence in these cases, we cannot choose from 
c (3, j*) and thus cannot form the 12-set B (79). For the remaining test completion, there 
are four choice sets, C(3,h), C(3,h) C(3,h), and C(3,j4) that have only one element 
available since the other is in either B(77) or B(78). In this case there is an oval C with 
Ex(C) containing both C(3,h) and C(3,h). Thus again B(79) cannot be formed. We 
conclude that the pair T cannot be covered 11 times by blocks of the Extension and 
thus that (S,~) cannot be extended to a 3-(112, 12, 1) design. We have shown: 
THEOREM 3. Cfi does not contain weight-16 vectors. 
Theorem 3 and Gleason's theorem on self-dual doubly-even codes completely deter-
mine the weight enumerator of Cfi. 
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